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INTRODUCTION

ractical reasons, it has appeared useful (c.f. [1], [é]) to generalize
:oncept of a filter as follows: Instead of the requirement that every
e set of elements of the filter has non—-empty intersection, one only
res that every pair of elements intersects. A collection satisfying

weaker requirement is called a linked system. Thus we have linked

ms as compared with centered systems and maximal linked systems as

red with maximal centered systems or ultrafilters. All kinds of
sions of spaces which are defined by using ultrafilters as points

ow be generalized by using maximal linked systems. The extensions
ned in this way are called superextensions (actually, there are many
extensions of a space). This report is the first in which we try to
this concept in some generality and although it is communis opinio
the authors that we have only scratched the surface of the subject,
pe to meke it clear that the results obtained so far are satisfactory
ot pathological.

the superextensions seem to supply us with a new method by which we
reate new (bigger) spaces from old ones (e.f. hyperspaces, products,

s, cones, suspensions, inverse limits]).

The superextension of a discrete space of 1, 2, 3, 4 and 5 points
liscrete space of 1, 2, 4, 12 and 81 points, respectively. The super-
sion of a compact Hausdorff space is a compact Hausdorff space of
ame weight. In particular, the superextension of a compact metrizable
is a compact metrizable space. Superextensions are even supercompact
there exists an open subbase such that every cover by subbase elements
subcover consisting ot two elements). The interest in this strengthening
pactness is enhanced by a recent proof (by J. O'Conner [Bj at the

of Florida) that every compact metrizable space is supercompact.

Extensions of continuous mappings over the superextensions are
.lmost always — important, and a necessary tool. The results obtained
re as good as can be expected. This part of the work has mainly been

d out by the second author who also proved the weight theorem.
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There is an external (though seemingly not internal) relationship
yetween the superextension of a space and the hyperspace of a space. Just
s the finite point sets of the space play an important role in the theory
f the hyperspace, the more sophisticated. finitely determined maximal
.inked systems (see section 3) play an important role in the theory of
juperextensions. The introduction of this notion and the development of
;echniques are due to the third author. His main result in this section
Theorem 3) states that under very general conditions, the superextension

)f a connected space is both connected and locally connected.

In the fourth section, we analyse a wide range of exemples.
fuch time and energy have been spent on this section by the second and
‘hird authors (well yes, the first author wrote the introduction and

jerved as stand-by and fortune teller).

From the unsolved problems mentioned at the end of the paper, we
mphasize one. Is the superextension of the unit interval homeomorphic to
‘he Hilbert cube? The answer is certainly yes, but it might be very difficult
;0 prove this because the corresponding problem for the hyperspace is also
msolved (although the superextension is essentially bigger, there seems
0 be no natural "mapping relation'" between them). The Hausdorff metric
.S a natural metric for the hyperspace in the compact metric case, and
here is a similar metric for the superextension (given by the third author)

n section 2.
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1. Definitions and direct consegquences.

section contains most of the definitions and preliminary results
a are needed throughout the remainder of this report. We also include
mber of related results which help to give insight into the theory

oackground of the subject.

B)BASE" will always mean "(sub)base for the CLOSED sets".

DEFINITION 1.7. Let :f be a subbase for a space X. -dfis said to be
-subbase in case for each x&€X, {x)= f){SéE<f|xg;S}, and for each

with xés, there exists 'I'e-/f with x&€T and SNT = @.

DEFINITION 1.2. Two subsets A and B of a set X are said to be screened
family G? of subsets of X if & covers X and each element of G meets
>st one of A and B.

DEFINITION 1.3. Let -4 be a subbase for a space X. (f is said to be

11 in case each S,Te;<f with S/T = @ be screened by a pair of elements

’

i said to be weakly normal in case each S,Té§<f with SNT = ¢ can be

:ned by a finite family of elements of .

:f.1.1. Any closed subbase containing all singletons is a T1-subbase.

For any space X:

(X is T,)

<> (X has a T1-subbase)

& (the closed sets of X constitute a T1-subbase)

f.1.2. Usually C? is a finite (two element) subfamily of a subbase £
of X. Now "(5 screens A and B" is equivalent to "A and B
have disjoint open neighbourhoods which are elements of the
open subbase (base) that corresponds with {f'.

f.1.3. The collection of all closed sets of a topological space X
forms a normal subbase iff X is normal.

Any normal subbase is weakly normal.
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If f,g: X » [b,1] are two continuous functions such that
-1 -1, _ £ =1r. 4 £ =1y
£ '(0)Ng (0) = ¢, then (5,2)" [0,3] ana (517 [2,1] form

a pair of zerosets screening f (0) and g_1(0).

The theory of superextensions originates from the following theorem:
\ T1-space X is completely regular if and only if X has a (weakly) normal

?1—subbase.
he first proof has appeared in [2]. In this report it is a corollary to

sroposition 1.5.

DEFINITION 1.4, If 7  is a collection of subsets of a space X, then
1 linked system of 77 is a subcollection of 77 with the property that

:2very pair of elements of the subcollection has nonempty intersection.
It is easy to see, with the aid or Zorn's lemma, that every linked
system of a collection 77 of subsets of a space X is contained in a

r1aximal linked system (m.l.s.) of 77 (i.e. maximal in 7~ with respect

;0 the property of being linked). We will use the script letters
)(,ZW,77,@7 to denote maximal linked systems of a given collection of
subsets of a space X.
EXAMPLE 1.1. Let Dn be a discrete space of n elements with all
1onempty subsets as a normal T1-subbase for Dn.
for D3 = {1,2,3}, the maximal linked systems of the base of all closed
iets are /M. = {{1},11,2},{1,3},{1,2,3}}, M, = ({2},{1,2},(2,3},{1,2,3}},
N, = {{31,1,3},{2,3},{1,2,3}}, and 7)) = {{1,2},{2,3},{1,3},11,2,3}),
EXAMPLE 1.2. Let S' be the unit circle (i.e. circle of radius 1)
ind as a normal T1-subbase for S], let <f be the collection of all intervals
of S1. One m.l.s. of .f is the set of all elements of‘<f whose length is
it least 1.
For other examples of maximal linked systems, see section 4.

PROPOSITION 1.1. Let <f be a subbase for a T1—space in X. Then,<{ is

L T1-subbase for X iff for each x&X, {Sé/f |xe.S} is an m.l.s. of 5.
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DEFINITION 1.5, If 4 is a Tj-subbase for a space X, then we let
enote the collection of all maximal linked systems of /f If X
y T1-space, then we let AX denote the collection of all maximal
d systems of the base of all closed sets of X.

For each AcX, define
= {(Mer x| IselM with scal.
ach Se/f, it is easy to see that

= Meirx| seMy.

. + .
DEFINITION 1.6. If . is a T -subbase for X, then {S'|s€4} is
base for a topology on )‘4X and Ad’X equipped with this topology is
1 the superextension of X with respect to 4. In case A is all of

losed sets of a T1-subbase X, then aéX = AX is called the superextension

[n example 1.1 above, ADB = {77? 777 772 Moreover, {1} {777}
-{747} (33" {77?} {1,2}" 777 777,477} {1,31" —{7771,7773,777},
-{/7? 777 WZ},andﬂes} -)\DB 3

screte Wlth )-L points. It is also the case that ADh is discrete with

It is easy to see that AD
ints and ADS is discrete with 81 points.

'he following proposition contains some immediate consequences of

eceding definitions. We omit the proof.

’ROPOSITION 1.2. Let/f be a T]—subbase for a space X.

1) If A,BCX and ANB = ¢, then ATNB* = 4.

) If S TC—ZJ then SNT = ¢ iff S+ﬂ T+ @.

) If S TéJ with S& T and SéMﬁ)\{X then Tém

) If ACBCX, then A'c B,

) 1t Merx and sef with M U{S} linked then se 7.

) 1 s€d, then s"U (X\ 81" = A X (and vy (1): s*N(x\8)* = g).

) If WE)VX and ﬂﬁ?# @, then by proposition 1 there exists a
unique x€X with NN = {x}. Then 772= {Sé/f IxélS}.

8) If 8,7« & with SUT = X, then S'UT" = 1 x,

9) Let N be a linked system of-/f, and let M= {s éoﬁ|3T€ﬁ with

TC S} be an m.1.s. of 4. Then m= {s é/.('n U{s} is linked}.

Moreover, if ACX, then/)/ﬁeA-l' iff there exists Te?] such that TCA.
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(10) Let i:X » ASX be the mapping i(x) = {Sé/f]xé S}. Then i is
1=-1 and for each Sé/f:

i(s) = s NixL

OROLLARY 1. If.§ is a T1-subbase, then the mapping x +» {S e/f|x€S}
s an embedding of X in AgX. (ef. (10)).

rom now on we will identify x with {Sé{ﬂxés} for each x&X.
OROLLARY 2. If .§ is a T,-subbase, then {(X\\S)+lSeiff} forms an open

ubbase for Agx (cf. (6)).

e remark that generalizations of (2) (and hence (1)) and (8) are not

ecessarily possible, in example 1 above,

11,21°N2,31°N (1,317 = (7]}, wnile ({1,231{2,3}N{1,31" = ¢

nd (VYU GT = (T, M, M), wnite ((13UL2}UBHT = o,

PROPOSITION 1.3. If/g is a T —subbase for X, then A X is a compact

1 5

-space; indeed, ng is supercompact [1]
Proof. To see that AJX is a T1—space, note that for each ‘Me'xd,x,
+
M = NisT|sem.

ince supercompactness implies compactness, we show that A, X is super=-

5
. + . .
ompact with respect to the subbase {S |S€/f}; l1.e., every linked

1

ystem of {S+fS€<€} has nonempty intersection. (Compare this with
lexander's lemma which states that compactness is equivalent to "every
entered system of {S+|Se/§} has nonempty intersection'".)

et /51(, £ so that {S+|S€ /301} is a linked system. By proposition

2 (2), -{1 is a linked system of/f and so is contained in a maximal
inked system M of . It follows that 7enis’|se £} and so AX is

upercompact.

In general, it is not the case that A/j,X is Hausdorff, even when X

s a compact Hausdorff space (c.f. example L.1).
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er, if & is a "nice" subbase, then A,X is Hausdorff. To make this
precise, we introduce the following definition. Though this is the
st condition we did find, it is not satisfactory.

DEFINITION 1.7. Let <f be a subbase for X. We say that a pair

£ is nicely screened by {S1,...,Sn}<24f in case {81""’Sn}

ns S and T and if {T1,...,Tn}C/J7 with Tinsi =@, i=1,...,n,
{T1,...,T } is not linked.

This means that a pair S, red is nicely screened by {S ,...,S }
1,...,S } screens S,T and S1 ce S; = A X. This is equlvalent

+ .
"T,...,Sn} screens S and T . C.f. the proof of the following

sition.
PROPOSITION 1.4. If 4 is a T1—subbase for X such that every pair
f with SNT = @ is nicely screened by a finite family of/f then
5 Hausdorff.

. Let M, Nerx with 7 # 7. Then there exist s,7€4 with

, T€? and SNT = ¢. By assumption there is a set {S

s yed

EREEEIN

nicely screens S and T If ApX # U S ;» then there exists

X such that 6£%t i' This 1mp11es that there exist T1,...,TnéEGC7
?if)Si =@, 1i=1,...,n.

{T],...,Tn} is linked, this contradicts the fact that {s,],...,s }
n
r screens S and T. Thus ij = ig% S and the Hausdorffness follows

+
he fact that {81""’Sn} screens S and TW , and hence screens 7/
)

'ince every normal T1-subbase for a space X satisfies the hypothesis

position 1.4, we have:

'HEOREM 1.1. If 4{ is a normal T1-subbase for X, then XJX is Hausdorff.

he remainder of this section is devoted to some results on
tifications. If,Af is a T -subbase for X, then the closure of X in
enoted by §5 , 1s a compactlflcatlon of X with subbase {S f\§§X|SéE<(}

X need only be a T 17space, it is clear that Q;X need not be a Hausdorff
tification of X.
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owever, we have the following:
PROPOSITION 1.5, If jis a weakly normal T1-subbase for X, then
yX is Hausdorff,
The proof is similar to that of proposition 1.4 except that only
+ + . + +
eedS (s.] Ue..USn) n BXX - BgX 1f S.]anousn - Xa FOI‘ then S,]Uvacusn

s a closed set containing X and hence 83X°

Since the zerosets of a T31—space constitute a (weakly) normal
2

sub)base we immediately obtain:the mentioned result of -de: Groot—Aarts [2] .

OROLLARY. A topological space is T_, iff it has a weakly normal T1-

33
ubbase.

Proposition 1.6 below yields a characterization of the elements of
SX in the general situation and proposition 1.9 below yields a nicer
haracterization in case is a weakly normal T1—subbase for X. Before
btaining these characterizations, we need the following definition.

DEFINITION 1.8. A subsetx of a collection Jof subsets of a set
is said to be'a prime system of J in case for any S1 5000 ,Sné. A
ith @ Si = X, at least one of the Si is a member ofaf .

ROPOSITION 1.6. Let < be a T,-subbase for X and let /2 2
hen 7726 BXX iff ?72 is a prime system of ¢ .

Proof. Since BgX is the closure of X in AgX, we have that 77Zé BgX

£f th ists S s ed with g.x €. st ana e ) 7. Thi
ere exists S,,.0.,5 wi By Y, 8; en @) ;+ This

s equivalent to the condition that there exists ST’”"S;E with
= fj S, and S1,...,Sn &lll; i.eomis not prime,

1BROPOSITION 1.7. Let ¢/ be a weakly normal T ,-subbase for X. Then
ach prime centered systemof of is contained in a unique maximal
inked system ofﬂa(which is prime and hence belongs to BJ(X)).
roof. Since 33 is linked, it is contained in some mls, Asxz is prime,
his mls is prime and, by proposition 6, belongs to Bo X,

Now letm and ?Z be two different Enls-s containing I,,» . Then there
xist 8 €77 ana T/l with S N'T = ¢, By the weak normality ofj, there
xist S1,M.,Sn9 ¢J screening S and T, By the primeness ofg€ , there
s and i € {1,...,n} such that 8. € CWZ ﬂ7z so that this S; meets both

and T, a contradiction,
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The following proposition contains some well-known set-theoretical
ts on prime and centered systems which are useful for the proof of
sition 1.9.

PROPOSITION 1.8. Let.d be a collection of subsets of a set X.

ny centered system of% is contained in a maximal centered system

ny prime system of A contains a minimal prime system of-<f.

ny maximal centered system of‘4( is a prime system of A(.

2y minimal prime system of,<f is centered.

. We first remark that (1) and (3) are well known and (2) and (4)

# from (1) and (3) using the following two observations: Let 25(:4?.
f> is a prime system of . iff {X\\SISéE<f\d£?} is a centered system
\ s|seS}.

X is a minimal prime system of A ifr {X\S|S€/.f\x } is a maximal
red system of {X\s|sef}.

?ROPOSITION 1.9. Let‘4f be a (weakly) normal T1—subbase for X and
Veng. Then 7WZ§§1X iff 7] contains a maximal centered system of-<f.

. If 7% contains a maximal centered system of /f, then the proposition
3), that centered system is prime and hence ] is prime. Thus

»X by proposition 1.6.

if 7%%;QJX’ then %7 is prime by proposition 1.6. Using proposition

>) and 1.8 (4), M contains a prime centered system G? of /<K

3 (1), é? is contained in a maximal centered ystem G or A

lows from proposition 1.7 that G&'c 7.

{EMARK. We observed earlier that the collection of all zerosets g;
'ychonoff space X formsa normal T1-(sub)base for X. It can easily be
(c.f.[z]) that B8.(X) is the Wallman-Shanin compactification of X
‘espect to 5’ and thus B (X) = 8(X), the lech-Stone~compactification.
:tion 2 we make some comments on the extension of continuous functions
4X and %;X for certain subbases 4f: and prove that B;;(X) = B(X)
:se means. (Corollary 1 to theorem 2.1).
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2, The invariance of some properties.

lhis section is primarily concerned with the question: If X has a certain
roperty, does AdX or AX have this property? We have already seen that
(f X is compact Hau.sdorff and if fis a normal T1—subbase for X, then?
\3X is compact Hausdorff. In this section we will discuss such properties

1s weight, zero-dimensionality, metrizability and super-connectedness.

Since, continuous functions play a role in the invariance of topological
sroperties, we begin this section with a number of results concerning the
sxtension of certain continuous’ functions.

7 ,
THEOREM 2.1, Let () be a T1-subbase for X, let 9’99_ a normal

DT—subbase for Y, and let f be a continuous function of X into Y such

hat £ J]C J . Then f has a continuous extension f from AgpX into AgY.

foreover, if f is onto, then f is onto.

Proof. We not first that if M1)€ X, {T eg’lqu €7n} is a linked
system of CJvza.nd hence is contained in an m.l.s. of J . Suppose that
T egd|f—1T e,”“ is contained in two distinct m.l.s.'s 7Z1 and 722 ofy\:
lhen there exist T1’§2,6 with T, € 721, T.€e 722 and ‘I‘1 ﬂvag = @.
3y the normality of < , there exist T ’The with T3 V) TLL =Y, TSQ ‘I‘2 =@

id T T1 = . This implies that f_%[TSJ U f_1 [Th] = X and hence

N

- [T:] or f-1[T,J eM. 1r ¢! [T3] e/l , then T, € (T VAPl B/

ind hence T3€7Z1 n 722 < 72 R Fontrary to T3 N T2 = @, Similarly,

-1 EPLJ G.L,m and so (€T’ |f—]T €77Z} must be contained in a unique

1.1.8, ofyv; denote this unique m.l.s. by 'I-"(M)o Clearly T is well

jefined. If x € X, then f[{S€ & |x € 8}] is the unique m.1.s. of Cc/\/

sontaining {Temx € f'%}:{T'f;eg“[f(x) € T] = f(x). It follows that

F is an extension of f. To see the continuity of f, let T & and

suppose that mé ?‘1 [‘I‘:I . Then there exists ‘I'2 e7\'with f._1 EI‘Z] €77Z
3,Th69" with

[‘3U T, =Y, T, nT, = # and T, N T, = @, i.e. igX \ f'1[T3':]+ is open,’

rontains Mand is disjoint from ?—1[T1j . Hence ?—1]:T1:[ is closed and

50 T is continuous. If T is onto and/le AgeY, then {f”[T:] |T 672} is

ind ‘I'1 N T2 = (. Using the normality of , there exists T

1 linked system of J and hence any m.l.s., of containing {f-1[‘1‘] |T 672 1',
is mapped onto 71 by f.
We remark that the restriction of the above defined f to BJX =X

rields a mapping into Y = %,X
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is T2 and compact and.sr/is all of the zerosets of Y (or more
rally, S}/is weakly normal), then %7X = Y. Thus we obtain a kind
;one extension theorem for these cases. It should be noted however,
iwve more, in the sense that we can extend such functions over all
'X into AguYo

ring this result to the case when Y is the unit interval, 57/is the
:ction of all closed intervals of Y, and is a T1—subbase for X

1 contains all zerosets of X, we can conclude that all bounded
-valued continuous functions on X can be extended over ApX, and

Y

JLARY 1, If is the collection of zerosets of a T_; space X, then

33

r

() = B(X), the éech—Stone-com.pactificationo

corollary to theorem 2.1, we also have:

COROLLARY 2, If(j7is a normal T -subbase for X, then the identity

1
ion on X has a closed continuous extension from AX onto Agxe
It should be noted, however, that éfX need not always be a quotient

: or even a continuous image of AX (c.f. examples 2 and 3 in §4).

Related to the extension problem, we also have the following
sition, the proof of which is straightforward.

PROPOSITION 2.1. Let be a T1—subbase for X and let f be a

nuous mapping of X into the unit interval I. Then

(1) £ Ag4X > I defined by -f(m) = inf {sup f(S)|SeWZ} is an upper
continuous extension of f.

(2) £: AgX > I defined by £(77)) = sup {inf £(8)| S€77Z} is a lower

continuous extension of f.

(3) gij.
(4) If & contains all zerosets of X, then §_='§ is continuous.
(5) If é/ contains all zerosets of X, and one uses as a subbase

all of the closed intervals of I, then £5=<? is the f of theorem 2.1.

NOTATION, If X is an infinite T,-space, we let w(X) denote the

t of X (i.e. the minimal cardinality of a subbase for X).
LEMMA 1. If X is an infinite compact Hausdorff space, then

= w(X).
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Proof. Let @ ve a base for the topology of X such that |Q;| = w(X)
nd.dz is closed under the taking of finite unions and finite intersections.
ince X is compact Hausdorff, it is easy to see that if F1 and F2 are
isjoint closed subsets of X, then there exist B »B C?Q3 screening F and
5+ It follows that (8" |B€B} is a subbase for the topology of AX.

THEOREM 2.2, If X is an infinite compact Hausdorff space and if A
~subbase for X, then W(14X) = w(X).

Proof. This follows from lemma 1 and the corollary 2 to theorem 2.1,

S a normal T

ince the extension of the identity function on X induces an upper semi-
ontinuous decomposition of AX whose numbers are compact.

PROPOSITION 2.2. If X is compact Hausdorff and zero-dimensional,
nd if <f is a subbase for X containing all of the clopen sets of X, then
JX is iero-dimensional.

Proof. If B is the base of all clopen sets of X (or even if @ is
. base of clopen sets which is closed under the taking of complements,
‘inite unions, and finite intersections), then once can argue as in
emma 1 that {B" |BEEQ3} is a subbase for ApX and by proposition 1. 2(2)
nd 1.2(8), each BT, for Be@ is clopen in AO‘,X.

THEOREM 2. 3. ;i X is the Cantor space, then AX is homeomorphic to X.

Proof. Since a Cantor space is completely characterized by the
roperties;second axiom of countability, zerodimensional, compact Hausdorff
nd dense-it-itself, theorem 2.2 and proposition 2.2 imply that it is
ufficient to prove that AX has no isolated points. We do this by showing
hat every nonempty basic open set of X contains at least two points.
1,...,Sn
re clopen in X. Assume Mée U S and let T X\Si’ i=1,...,n.

'hen T{E'%W i=1,...,0. Slnce T.f)T. #0, X contains no isolated points,

'e may assume a basic open set is of the form AX\\\J S 10 where S

nd T.f\TJ is clopen in X, we can conclude that T NT. contains infinitely
lany points of X. Pick p . # p ; in TiﬂTj (i, = 1,...,n) so that

piJ| ,j = 1,...,n}(7{p |l,J = 1,...,n} = @. For each j = 1,...,n, let
:j = lJ]1 = 1,...,0}. Then Hj is a closed subset of X and HjC:Tj, J = 1y...,n.
'he collection {H'J

j=1,...,n} is linked and so is contained in some

laximal llnked system ‘77 in the base of all closed sets of X. It is clear

hat 7? ﬁé i' Slmllarly, using the {p . REsj=1,...,0}, we obtain a

laximal llnked system.'Kg such that 7?2 5
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. . I 1 e s 1
! {pijll,J = 1,.,.‘,,n}€7z1 and "Pij[l"] = 1,ooo,n}€722, then

: 722,

THEOREM 2.4, Let M be a compact metric space with metric p and let

p(x,s) < a} for SC M and a a real number. Then
AM ~ R, defined by

‘p’(??Z, Ny = inf {a e 4R|‘v’se772, T en , Ua(‘l‘) em,ﬁa(s)eﬁ b,
metric for AM.
Proof. It is clear that ’5(772,72) = 3(71,772) for every 772,7Z € M.

ove next that

5(M.70) = min {a eR|¥s eMrell, T (0 ell],5, (s)eﬂ}o

I 772 7). Suppose that there is an S 6772 with U S) ¢7Z Then
exists T e?Z such that T N U (8) = ¢ and hence an € > 0 such that
c+e<S) @, a contradiction. Thus U = 7Z for every se77Z
arly, Uc 6772 for every T 672 o Hence the desired assertion.

S closed in M implies that U.(S) = S, it follows immediately from
efinition that ¥( 772 72 = 0 iff m N - Thus we only need to prove
riangle inequality. Let 772 72 Pe AM and suppose that p(m 7Z = g
(7Z W = b. Then for each S/l , 1e7] anapef U (s)e 7L,
and U 672 o Thus, for every 86772 and Pep )

e@b and T_(T. )e77Za Now T, (T_(8))c T_,,(8) ana

(P))C Ua+b(P) imply that a + b > o 77[,@ and the triangle
ality follows. Before showing that the metric topology on AM is

tible with the superextension topology, it is useful to remark that
?)'(77Z,72) = min {a[“v‘se77Z, Ua(S) e 7Z}

xd only prove <, since the reverse inequality is obvious. Suppose
re an a such that for every S€77Z €7Z « Then V 86772

, it follows that U ()N T # @, and hence U (T)N s # g;

7 (1) e, ¥rell . 1 rollows that a > ¥, 77).

lo see that p is compatible with the topology on AM, we show that
»pology induced by § on AM is weaker than the superextension

>gy (which is compact) and hence these two topologies must coincide.
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et € > 0 and MeM. Let Dys--+>p,  be an e/3-net of M and let Ua(p) =
{xeM|p(x,p) < a}, where aclR and peM. We let U be the finite
ollection of open sets which are unions of sets of the form U /3( .)
i=1,...,n). Let O =N{u* lue0 ana Meu™}. It is clear that 0 is

n open set in M containing 7’7 Moreover, if S& 7, then there exists
e & such that SCUCU2€/3(S), namely, U = U {UE ) e p ,S) < g/3}.
herefore, OCU+C( Uye /3( S)) and hence OCISfé\,”2 (U2€/3( )17, Tt follows
hat if 7€ 0, then for each re?l, TF\U2 /3(S) # @ for every s&€ .

hus U (T)N'S # ¢ for every S€M and so (TYeM for every T& .

2¢/3 5 Yoe /3

ence p(M, M) 5ec<ce and hence {H& w|3(7 ,7) < €} is open.

We can derive more information about '5 We list a few of the result

ut omit the proofs.

(1) M MN) = sup inf sup p(x,8).

Sse T€? x= T
(2) sM,7) max min sup p(x,S).

(3) (M, M) sup inf d4(T,S), where d is the Hausdorff
semM ren

sel] tefNl xe T
metric on the collection of all closed sets of M.

(L) F|MxM=o.

+

. = O<é'<j€ SQM(Ua(SJ)) and U (’W]) Sé’.’}ﬂ (U ( s)) .

THEOREM 2.5. Let {X ;d) } be an onto inverse spectrum of spaces
uch that ¢(m is the 1dent1ty on X with 4 a normal T -subbase for X

nd such that ¢ [/f ]C/f for each o > B
hen l}_m A/Joaxoc = /f llm X where /_)’ 1s the relativized natural subbase

or the product topology g_f: g Xa.
Proof. Let Mo be the Bth projection of g Xa' Then l<i_m Xa =
= {xeg Xa' ns(x) = ¢OLB Owa(x) for all a > B}, and - is the
estriction to 1im X of the collection {TT;1 [40;[ Sé/fa; all a}

hich is a subbase for the product topology. It is not difficult to see

hat .4 is a normal T1

n extension ¢0LB from )\9, 0LX onto

-subbase for l(i_m Xa' By theorem 2.1, each ¢a8 has

)\JBXB.




—']5—

3 use of the definition of 5@8’ one can show that if a > B8 > vy, th

¢BYO ¢a8 so that {Aga X5 ¢a8} is an onto inverse spf?trum.
lering each LY as a mapping of li? Xa onto Xa’ then ﬂa [S]GE{? for
3& X . Thus 7 has an extension 7 from A, 1lim X onto A, X

a a 47« ta a o

- - - 1
she property that ﬂ6(1”) = ¢aB 0 ﬂa (Z%) for all o > B. It is now

>0 exhibit a map of A{ lim Xa onto 1im %fa Xa and to show that the

3 a homeomorphism.

le conlcude this section with a result on super—connected spaces
1ich are of interest only for non—Tg-spaces. We omit the easy prooi
’ROPOSITION 2.3. Let X be a nonempty T,-space. Then (i) through
elow are equivalent, (vi) implies (vii) and (viii), and (viii)

th (x) are equivalent.

(1) X is super=-connected.

(ii) Each open set of X is connected.

(iii) Each nonempty open set of X is dense.

(iv) Each pair of nonempty open sets of X has nonempty intersec
(v) Each n nonempty open sets of X have nonempty intersection.
(vi) The open topology of X is centered.

(vii) X is dense in AX.

(viii) The open subbase of A\X is centered.

(ix) The open topology of AX is centered.

(x) AX is superconnected.
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3. Finitely determined maximal linked systems.

n this section X is a fixed T, —space and /5 is a fixed subbase for X

1
hich contains all of the finite subsets of X.

e define a special kind of m.l.s. of 0/ and with the aid of this
pecial m.l.s., we obtain some results on the connectivity of the super-
xtension A«S’X'

DEFINITION 3.1. Let F be a finite subset of X. An m.l.s. with
espect to F is a maximal linked system of the collection of all subsets
fF.

n "m.l.s. with respect to a finite set F" is usually not an m.l.s. of 4
ut we have:

ROPOSITION 3.1. If /] is an m.l.s. with respect to a finite subset F of
, then m is contained in a unique m.l.s. of /f; we denote this unique
l.s. vy Y .

roof. Let 7 = {SEX]S contains a member of /}. Since 777 is linked,

lso 7[ is linked. If T€.$ and T meets every member of /;7, then T

eets every member of 777 Thus TN F meets every member of 777 so that
nrell (proposition 1.2 (5)), since 4 contains all finite subsets

f X, Hence T contains a member of 77], and so T€?, i.e. 7? is an m.l.s.
n /5 Clearly any m.l.s. in 4 that contains W7, must contain 77 , and
hus equals 7?, proving that N is the unique m.l.s. containing 7”

DEFINITION 3.2. If m is an m.l.s. with respect to a finite subset

of X and if 7?9: AJX and 7/1(3 m, then we say that 77 is defined on F

nd that 77 is generated by 777

PROPOSITION 3.2.(a). If F is a finite subset of X and 776 }‘{X’ then
7 is defined on F iff {Se?] |SCF} is an m.l.s. with respect to F.

(b). If F, and F, are finite subsets of X with

2
‘1C F2 and if /VZC—IA{X with 7] defined on F1, then 7] is defined on F2.

(¢). If an m.1l.s. ﬁe’xﬁ,x is defined on a finite
ubset of X, then there is a smallest among the subsets of X on which

7 is defined.




w1 'r.u

Proof. The (a) is obvious. Note that {8e€ 7] [scF} = {sNF|seNic 7.
(b): Let 7/7}1 = {SC—JTlISCF1}. N is defined on F, means:
7@1 generates 7/. If F,OF, then {TCF2|T contains a member
of M1} is a mls with respect to F2 (c.f. the proof of proposition
3.1.). It is readily verified that this collection is contained
in 72, i.e. 71 is defined on F,.
(c): Let "™ be the collection of minimal sets in 77 Since
77 is defined on a finite set, say F, any element 867/] contains
a finite set, which belongs to 77 and hence S contains a set
TE 7?*. It is easily chequed that Uﬁ* is the smallest set on

which n is defined.

DEFINITION 3.3. Ir Ne AJX and 77 is defined on some finite subset

of X, then 7/2 is called a finitely determined maximal linked system (f.m.1l.s.)
of/j’ . If 7] is defined on a finite set of at most n elements, then M is

called an n maximal linked system (n-m.1l.s.) of /f We let

AegX = Ne A{X[% is an f.m.1l.s. of 4},
AX = {Nexx|? is an f.m.l.s. of the base of all closed sets of X},
and

A X = {Te A/),Xl?? is an n-m.1l.s. of .J}.

It is easy to see from the definitions that

. XA = : e C = .
PROPOSITION 3.3. X )\M,X )\2{XC)\3£(C CHEN )\nfS’X }‘f,fx

REMARK. Using the technique of the following proof, one can show
that if {A1,. ..,An} is a linked system of subsets of X, then
I . .
({_)1 Ai)ﬂ ApgX # @. We use this remark without further comment.

PROPOSITION 3.L4. Let A1 se e ,AnCX with {A1 se e ,An} linked. Then

n + n + n +
0, (era)'c cl%X ((;0, 400 *ff‘)“lx{x (;0, Al
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A +
Proof. Let 7726 N (chAi) . Then there exists ST,ooo,SnQW such
i=1 mo m +
Ty eeesne If we let X\ U T = [1 (X\T,)" be
, i=1 i=1
ny basic open set containing 772 then there exist U1,o°°,U €77Z with

hat SiC ClXAi’ 1=

iCX \Ti’ i=1, eo0,m. Since 1S1,QM,,Sﬂ,U1,“”,,UmjL is a linked system,
hen {chA1,,”,chAn,X N Toueee,X \ Tm} is linked. It follows that
A1,O.O,A X\ T1,”°,X \‘I‘m} is linked. For each i,J = 1,...,0 + m We choose
i = lee X; for i,j = 1,.0.,0n, pick pijé Aiﬂ Aj; for each i = 1,...,n
nd j=n+ 1,00.,n +m, pick Pije Ain (X \Tj_n); for each i,j = n + 1,.0.,
+ i .. . . o

m, pick p;; e (XN\T; ) N (x \ T n)e Let F = 1J|

nd let Hi = {pij|j = Ty000,0) +m} for i = 1,...,0n + m, Then {H |1 1,”.,n+m;

=1’000,n+m}

s a linked system of F and is contained in an m.l.s. [{ with respect to F.
t follows that H1,“.,,H € Z?_ and since HiCAi for i = 1,...,n, then

n+m
Z‘Q (-] A . Moreover, H., C X \'I'. for i = 1,...,m implies that

1+n

7 c n (X \ T ) . Hence every basic open set containing WZcontalns an

1=1
lement of ﬂ A )N AgyX)s ice. Me c1, (ﬁ AT)A A X). The last
:‘X 1 fg

i=1 i=1
nclusion of the proposition is triv1alan n
COROLLARY. If A ,”o,A C X, then m A Cecl (M A N A :S’X)
n 1 i=1 A X i=1 n £
Proof, If ﬂ A = ¢, then the inclusion is trivial. If () A # 0,
i=1 i=1

hen {A seoo A } is linked and the result follows from proposition 4.
1 n

PROPOSITION 3.5, A subset A of a T |-space X is nowhere dense in X
£f A is nowhere dense in XX.
Proof. Suppose first that A is nowhere dense in X. Let o’;n‘,”no;
e a nonempty basic open set in AX, where O1 go0e ’On are open in X. For
ach 1, = 1,...,0, let Oij = Oiﬂ Oj N (x\ cJXA). Then Oij is a nonempty
pen set of X since Oi n Oj is a nonempty open set and A is nowherrei dense,

: . +

or i =1,...,n, let U, =0, U... U 0., It follows easily that ﬂ us
i=1

s a nonempty open set in AX which is disjoint from ClAXA and which is

b>ntained in ﬂ O . Thus A is nowhere dense in X,
i=1
+
Conversely, if A 1is nowhere dense in AX, then AX \ cl X‘A is dense in

X. By propos:Ltlon 3.4, ch_A CclAXA so that AX \ clkXA C AX \ c]XA =
(X \ ch_A) and (X '\ chA is dense in AX.
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1llows that chA can contain no nonempty open set of X and hence A
where dense in X.
We remark that in general it is not the case that if A is nowhere

. + . . .
in X, then A" is nowhere dense in AzX (c.f. example 2 in §k4),

THEOREM 3.1, If /Jis a TT—subbase containing all finite sets then
et of all fmls-s is dense in the superextension with respect to
(ApgX)™ = x5x5+ .

Proof. AgX =X C clASX(AfAX Nnx)

PROPOSITION 3.6. Define a function ¢: f/SX X A 8X X )\fXX - )\ng

s TI.@y = Tl o n@y v 7] B,

(1) If 772-72 thencbﬁ?Z:W) =”Zo
(i1) 1If 772 7260 A 1’°°°’Anc X, then cb(mjl,p) E(ﬁ A+)

i=1
(iii) ¢ is contlnuous@

E’roofo We first show that the range of ¢ is contained in A_ X,

7Z W X By proposition 3.2 (b), we may assume M,?ffp
11 deflned on the same finite subset F of X. Let

{se7l|s CF}, let 7Z1 = {s ell |sC Fl, and let@ = {scp]’scﬂ.
oposition 3.2 (a), 772 R 721,f » and [~ are m.1l. s.“s with respect

= (77, 0711 Y/ p 7Z n #7) We will show that

an m.l.s. with respect to F. If S T €=7C . then S,T belong to at
one of 7721,721,W both and hence S N T # @. Suppose now that TC F
\,UIT} is linked, If T is not in at least two of WZ ,72 p, say
’Z and T & 721, then there exist S, 6772 and S, 672 such that
[ =@ and S,NT = @. It follows that 5, U 8, CF so that

5 € 772 n %2 Cj< and TO(S V] 82) = (25, contrary to-j\/,U T}
llnkeda Thus T is in at least two of 7721 ,7Z1 , and and hence
.o Thereforeﬁ is an m.1l.s., with respect to F and henceﬁ is
ined in a unique melesagg_ of & by proposition 3.1.




t is easy to show now that ¢(-m, ﬁ,@l = _—?_{_ and sinceji is defined in
, the range of ¢ is contained in Af{X.

(1) 12 M=, then NN =N oM, N, P} and hence o(M, N,P) =N

(ii) Let A1,

- ,A C X and suppose that 77? %é_ Al Then there
xist 8. ,...,Sém and T

=
Te77 such that S,,T.CA., for i = 1,...,n,

1° 1
hus S UT CA P i= 1,...,n and S. UT 67%077@ W? ,w) Therefore
(M, 7703 C.< )
(iii) Let SC/_{ and V = 8N Aﬂ,X then
- X ) )
(VxVx )\fj,X)U(Vx fj)XXV) U () ijxVxV) is closed in
fth b'd )\f X x )\ng.

et (M, N,Pleu, say Wevcs ana Neves®. By (ii), (M, N,Pe
N A X =V 5 dee. uce (V).
uppose now that (/W?, 77,@)6¢_1(V). Then ¢(777,77,@)év so Sc d)(m,’;?,(p).

ince S must belong to at least two of 7, 71, ﬁ, then (M,‘W,@)QU. It

ollows that ¢—1(V) = U and hence ¢ is continuous.

PROPOSITION 3.7. Let @ be an f.m.l.s. that is defined on
{p1,...,p }CX and let ™ P > X be a function. If we let "'(p ) = X;
nd let F = {x1,...,x }, then the system @ defined by @;\, =
SE.JI}ITQ(\ 7 (T)cs} is an f.m.l.s. ofJand is the unique m.l.s.
£ containing {?‘(S)l SCP and Sél@}.
Proof. It is easy to verify that WTJ is a linked system of Aﬂ which
ontaines {7(S)|ScP and S&€P}. If red and TNS # @ for every SE@\,,
1en TN™(S) # @ for every SCP with S&®. Then sn™ Ip # @ for every SCP
ith se@ . since @ is defined on P, then this implies that 7" Té’@ and since
D’7"(7"_1T), this means: T€@7./ . Uniqueness follows immediately.

THEOREM 3.2. Let P be an f.m.l.s. of - defined on P = {p1,...,pn}.
= n N . —
or each X = (x ,...,x JEX, let 7. P > X be defined by /x(pi) =

i=1,...,n). Let v, x> ,Xb_e_deflned:q[wn((x],...,xn)) =

X.
3 7;{ ?
r1ere x = (x1,...,xn).

aen ¥ is a continuous function.
Proof. It is clear from proposition T that wn is well defined. Let

. + . . .
S/f s 1.e. S5 1s a subbasic closed set of -}B’X' For each e P with TCP,
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~1,
= ., I S 1 . W y =
let ST tilprer) S x jlp er X. We show that wn (s'n )\ffX)

(s lre @ dnd TCP}, vhidh is closed in X°

-1, + +
Let (x1,...,xn) = xéxpn1(S f))\fd,X). Then OD/I\,ES » and so SC-Z(/D//\/. Thus
there exists T&(® with TCP and such that X’]};{(T)CS. This * implies

that (x],...,xnlés for this particular T.
If on the other hand (x],...,xn)e‘.ST for some T é@, then ’l"x(T)CS
@ + -1, .+ . . .
and hence /T,XCS ﬂ)\ffX. Thus v (s'N Af{X) is closed and so Y, is continuous.

PROPOSITION 3.8. If X is a connected space, then for A1""’AkCX’
A':n...nl-\; (= ¢ or) is connected.

Proof. In view of the corollary to proposition 4, it is sufficient
to prove that (i51 A;)/) Af;fX is connected. We may also assllime that |X|—>—HO
since the case when |X| = 0 or 1 is trivial. Let M, 7] & (iQ1AI)/))\ffX and
suppose that 77? is defined on M = {p1,...,pm} and 7] is defined on
N = {q1,...,qn}. By the cardinality assumption on X, we may choose mn dis-
tinci_: points of X disjoint from MUN; denote this set by R = {rij|i=1,...,m;
j=1,...,n}; Let 7"1: R > M be defined by Tq(rij) = p;. Similarly, we can
define a function 7"2 : R >N by '?’2(rij) = q;- Let

G =710 (1) |sem with scM, TEN  with TEN).

It is clear that @B is a linked system of subsets of R. Let (P e any m.l.s.
of £ which is defined on R and which contains (3. Suppose that S &P,
If '7"1(SK)R)¢ M, then M \'7’](8/)R)€m since 7)) is defined on M. Thus
'7/:1(M \T](S/)R))E(BC@ and 80'7’-]-1(M \7/](8/)R)) = @, contradiction.
Therefore, for every S<&®P, //"1(80 R)& M, and similarly 'TE(SHR)éLm.

By the uniqueness in proposition 3.7, (/3,/\/ = 7] and @7\, =7]. Let wmn:

G Afj’x be the continuous function de%ined in Theorgm 3.2, where the
jomain of the "7/x's is now R and the m.l.s. defined on R is the ® from
above. Since @7\, =7 and (/?7» = 77, then 777, 77 are in the image of
JJmn. For the 7’)’2 Tana 72 as fixgd above, we can define a function 0 :

el T e K Y

o(K) = o(M, N, X), where ¢ defined in proposition 3.6.
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5 follows from proposition 3.6 that © is continuous, 0(/) ==ﬁ7 and

(M) =N . Also, since W, N & i(l_fl] (AZ), then O(K)f{i AI for all
EEAfJX. Therefore, @owmn: Xm+n > Af X is a continuous fﬁnction such

1t M and 7 are in %(@owmn) and im(eowmn) C znGC(if__)1A;)/7 AMX. Since
"N is connected, then gh(eowmn) is connected. It follows immediately

ko4
. . A i .
18t (191 Al)ﬂ f_‘:{X is connected

With a somewhat different technique one can prove that if A is a
nnected subset of the space X, then A+ is a connected subset of >\d,X.
> was conjectured that if A is connected subset of a space X and
l""’AnC X, then A+ﬂA-:n...ﬂA:is connected. This is false (c.f.
cample 10 in §L4).

THEOREM 3.3. If X is a connected space and 4 is a T,-subbase

mtaining all finite subsets of X or if -4 is a normal T -subbase for

, then AcX is connected and locally connected. (c.f. example L4.T).

Proof. Suppose first that 4§ is a T -subbase for X which contains

1
L1 finite subsets of X. By proposition 3.8, A{X is connected and locally
mnected. In case /f is a normal TT—subbase for X, then by Th 2.1, coro 2
X 1s a quotient of AX which is connected and locally connected by the

revious remark. Thus Ad,X is connected and locally connected.

We conclude with some remarks concerning the existance of example
1d/or counterexamples.
1. If N is the natural numbers with the usual topology, then AN
; not locally connected although N is locally connected (example L4.6).
2. If Aéx is connected, then X need not be connected (c.f. D;]
> example 4.8).

3. If I is the unit interval and/g is merely a T, -subbase for I,

1
len )\;,,I need not be locally connected or connected (c.f. examples 4.2

1d 4.3).
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L. Examples.

This section is primarily devoted to the construction of various
erexamples that were mentioned in the previous sections. We also

de some problems that we have been unable to solve as of now.

We begin this section with a lemma which is useful in the computations
e examples.

LEMMA 1. Let X be a compact space and /j a T1-subbase for X. If

X and AC ] with # a filterbase and NA<eS , then NAS .

The proof is a straightforward application of compactness.

EXAMPLE L.1. There exists a weakly normal T,~subbase 4 for the unit
val I such that )‘{I is not Hausdorff.

Proof. Let 4 e the set of all intervals and all doublets which are
ined in I. If 0 < x <y < z < 1, we define

L

Xyz
x&

Yz

{Sé/ﬂs contains at lest one of {x,y},{y,z},{x,2}},

{se.f|s contains [y,2z] or S contains a set of the
form {x,y} for ue [y,z] }s

xy &

Z

{se/j’ls contains [x,y] or S contains a set of the

form {u,z} for ue [x,y] }.

easy to show that for each 0 < x <y <z < 1, foyz, xxyz, and

are maximal linked systems of <. We will show later that all m.l.s.'s
are one of these types. Note that if x =y or y =z, then Xfxyz =

= xyo?fz = {Se/flyé‘_‘ S} and hence corresponds to the point of y of I.
*st hos that fo 1 1 and xo 1 3 do not have disjoint basic open
>orhoods in )til. 52 [N On the contrary, suppose they do

such neighborhoods. Then there exist S1 seoe ,Sné-gﬂ such that

= XJI and no SI contains both of 1 1 and £ 1 35 1.e. there exist

0 0
) IrL . L T
;[, . [é'r ,br:[ s {:a.r_'_1 ’br+1 Jouuo {_an,bn}, in Ap such that none of these

yelong to both 1 1 and 1 3 and such that [a.,b ‘1+ [é. ,brj+u
bt =1 168 3 thef & [ b]+']1} that

8 b b= AT X" 7§ » thed &) 1 €la,,b.]" implies tha

1 and X 1 3e[a.,b]-]+. Thus it must be the case that

7 Org 1

3 + +
leL <x < Y ta 1oyt U-.Ula 5b 3. It follows that there

i such that r < 1 < n and infinitely many x's such that

-+ ]
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P . . _ 1 1
Li,bi}é "\(’O 1x This implies that {ai’bi} = {O’h} and {O’h} belongs

) both SC’ b'] and X , contrary to the assumption on the Si'

1 Q13
lus }\j,X is no% Hausdorf % 4
We next prove that every m.l.s of/f is of one of the types
'xyz’xx orxyx forsome0<x<y<z.<1.Let777beamls.of
1d suppose that /)777 . It is easy to see that m must contain some
yublet {a,b} since any linked system consisting of only intervals is

ntered. Since aénm one of the following cases hold:

i) 3 e,a aé{c,d}ém, hence b &{c,d}, say b

=c
ii) 4 c,d ad ﬁc,d]ém
milarly for D©
iii) d e,f b ¢ {e,f}é-W, hence a&{e,f}, say a = e.

iv) 4 e,f be& Ee,ijc—lm

i) and iii) then {c,d}e,f}=@ implies d = f. It is easily chequed that

le only doublets in m are {a,b}, {b,d} and {a,d}. Soﬁz is of the form

'xyZ' If i) and iv), but 777 is not a 3m.l.s., then {a,d} is not in m

y any doublet contains b = ¢, and the other point of the doublet must be

! n{El,v]|béEJ.,ﬂé7/}?}. It is readily verified that this intersection

;self belongs to ‘m, and that 77? is of the type xXayz or xy?fz.

le case ii) and iii) is similar to i) and iv). If not i) and not iii)

ten {a,b} is the only doublet in 777, let a < b, and let ¢ = inf{clasfo,c](im-
. is easy to show that ¢ = sup{c|b & [c,1]€77?} and that hence {a,c}

a {b,c}ém, a contradiction.

EXAMPLE L.2. There exists a nicely screening (non-normal) T,-subbase

for the unit interval I such that

(1) A4I not connected.

(ii) I has a nowhere dense subset A with A+ not nowhere dense in XfI.

Proof. Let/ = {[(a=1)27%,n2 kjl K=1,2,... 3 n=1,2,...,25} and let
f o /f U{0,1}. It is obvious that 40 is a nicely screening (non-normal)
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T,-subbase for I such that A;)"oI = I. Since [(nv-ﬂzk, n2_k] and {0,1}
can be nicely screened by {[(i—1)2-k_], i2_k—1J |i=1,...,2k+1} then ./9‘7 is
,~subbase for I. First, we note that {{0,1},
[ ,-1-] [—;', ]} is an m.l.s. of /f This follows easily from the fact that

also a nicely screening T

any other element of/f must be contained properly in [O or ,11
Next, we note that this is the only m.l.s. ' of /f for Whlch N = g.
For if NN = @, {O,]}éﬁ] and there exists k, k', n, n' such that
[(n—1)2'k,n2'k] a.nd [(nr=1)2" }CVIZ with 0¢[(n-1]127%,n2" ] and
1¢[(n'-])2_k' ,n ] Since m is linked, it must be the case that k=1,
n=2, k'=1, n'=1. Since )\fI is Hausdorff and I is compact, it follows that
)‘j’I is homeomorphic to the union of an interval and an isolated point.
Thus )‘jI is not connected. Moreover, {0,1} is nowhere dense in I but {0,1}+
is not nowhere dense in ')\fl.

Note that (i) and theorem 3.3 imply that }\j,I is not a quotient of
AL or even a continuous image of AI.

REMARK. It is worth noting that example 4.2 can be modified so as
to obtain a superextension of I which is the disjoint union of two inter-
vals. If we let f = Jullo, a]}lac ]}U{L ]|a€%,—§-]} where - is
as defined in example L, 2 then one can show that for each m.l.s. of

/f], there exists an a& -§ 3] such that

m = {{0,]},[0,5.],[0,]} | = <c<ac< df_%}

EXAMPLE L4.3. There exists a weakly normal T -subbase // for the unit

interval I such that A I is not locally connected.

Proof. Let -J = {La b] | [a,b CI}L}LQ,,J_UQ— 1] IneNyU{{o,1}}.
We show that A I is homeomorphic to / /’\ \

For any 77/»; I, N{ [a b] La h:lcm} is a singleton because if it were
an interval é,d], then [0 ] and [Ced,l) must belong to 777 If ]776')\1,1
with /)m- @, we define m and k by

(i) mén{[a,b] | [a,b]é—m}
(ii) k = sup {n-1| [0,-31-1 U[1--:I,1Jé-m}.
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> note that {n| [:O,%]U []- -r];,]]é M} # ¢ (however k may be infinite) and
aat mé‘_(%,]-‘- i—l since n777 = ¢. Suppose that M'c AfI with M# 7" ana
‘M = ¢. If k' and m' are defined for 7)Z' in the same way as k and m we
sfined, then M# M yields that either there exists nel with [0 ,;11-] U

1 1 - 1 / . .
1= H,ilém and EO’H] v} L1- ;,1]¢m or there exists [a,b]ém with [a,b]«
1 the first case we obtain k#k' and in the second case we obtain m#m'.
1 the other hand, if k'« N or k' is infinite and m‘é(-ll—,ﬂ— i,—) with
ither k#k' or m#m', then

1

777' = {Sé/—ﬂs contains [O,IlT]U‘[J" R ]] or S contains [%,m]

or S contains J:m,E]}

sfines an m.l.s. W?'9ém and the m and k defined by (i) and (ii) for '
re m' and k'. It follows that if we let p(m,k) = {S€J|S contains
Z),-lJU[1- -11;,1] or S contains [Tl-,m] or S contains [m,%]}, then AJI =
U{p(m,k)|ké N or k=~ and mé(l—l-ﬂ— -}1;)}. To complete the proof, we des=

ribe the topology of A I by describing a neighborhood basis of each of

) S
ts points.
1 1 1 1 ..
If mgI and — <m < " or o 1 < 1=m < X ° then for sufficiently
nall e, (m-e,m+e)” = (m-e,m+e) so that a neighborhood basis for m consis

f {(m—a,m+€)|ee']f\>+ and € sufficiently small }.

If m is of the form% (k#1), then a neighborhood basis for m is the

ollection of sets of the form (E:_-T , 1= ;{:1_7)*'/7[0,% + e)+ﬂ(-11€ - a,1J+ =
1. s,l + e)u{@(u,kﬂué(ll +e)} for e sufficiently small.

k k’k
A neighborhood basis for 1- % (k#1) is the collection of sets of th

orm (1- f{- - g,1- -}J{- + E)U{@(u,k)‘ueﬁ- -;; - g,1= f{-)} for ¢ sufficiently
mall.

K

For m=0 or 1, merely put k=~ in the above two descriptions and rest
he intervals to I.

A neighborhood basis of (m,») is the collection of sets of the fo
[0,e)U(1-e,1)* N [0,m+e) " Nimme, 1] = {(P(u,k) e (me,m+e) and k >
r k==} for € sufficiently small.

Finally, a neighborhood basis of @(m,k) is the collection of sets

1 1 + + + 1 1 v+
he form ([O’E + e)U(1- X 5,1]) .’][O,m+€) n(m—e,1] n(-k—+T’1_ I{+—1] =

@(u,k)lu &(m=e,m+e)} for € sufficiently small.
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EXAMPLE L4.k4. Let D) = {1,2,3,4} be a discrete space with four points.
1
is discrete with n points.
Proof. Let .§ = {{1},{2},{3},{4}} and for n=k,...,10, let.<ﬁ%9be as
follows:

There exists normal T, -subbases <fn for D, , n=L4,...,12, such that A D
4 g

N

A SUM2,3,4},{3,41,11,2},{1,2,3}),
S OL{1,23,{1,3,b},{2,3,43,13,4},{1,2,3}},

8,

/fz = Sui{1,2},{1,3},12,3},13,4}, 12,4},
.477 = 476u{{1,3,1+}},

/58 = 4 U {doublets of D},

/979 = JBU{{2,3,M}},

,fm = U{{1,3,4}},

/fﬂ = /f?ou{ﬂ,e,u}},

L = oDl

12~

It might have been conjectured that if %7 is an m.1l.s. of a T1-subbase
for a space X such that every element of 7/ is finite, then %7 must be an

f.m.l.s. The following example disproves this.

EXAMPLE 4.5, Let X be N with the cofinite topology. There exists an
m.l.s. 7” of the base of all closed sets of X such that every element of
W is finite but %/ is not an f.m.l.s.

Proof. Let &7, = {1,2} and for each n > 2, let G, ., = (1,20-1}U
{je€X|j is even and 3 <J <2n-1} and Q? on = 12 2n}Lj{J€5X[j is odd and
2 < j < 2n-1}. These for each n > 2, we have defined 4? . It is easy to
verify that {@ | n > 2} is an m.l.s. of the base of all closed sets but

is not an f.m.l.s.

EXAMPLE 4.6. Consider N with the discrete topology. Then AN has

she following properties:
(i) AfﬁJ is a countable, discrete, dense subset of AN.

(ii) AN contains converging sequences and hence is not homeomorphic

to a Cech-Stone compactification 8N.

(1ii) AN is not locally connected even though N is.
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Proof. (i) Since N is countable, AN is countable so that we only

eed t0 show that is discrete. To see thi:, let mé AfN. Then there is a
inite subset MC NV such that m is defined on M. It follows that 777=
1 {S+|SC_M,S€7')7} and the latter set is open in AN.

(ii) For each n€N , n#1, let 7ﬂn be the unique m.l.s. containing
{1,i}| i=2,...,n}U{{2,...,n}} and let 7 ve the unique m.l.s. containing
{1,i}] i=2 3,...}U{W \{1}}. We show that 777 converges to n. 1
Vlés U.. e then we may assume that SO = {]} and 1¢S for i=1,...,m.
or i= 1,...,m, it must be the case that S # IN\{1} and so there exists a
atural number kl such that kfési. For n > k., {1,ki}c:ﬁﬂn and hence

¢s LJ...LJS It follows that if we let M = max {k;,...,k }, then for
> M we have ’fﬁdss U. ..US

(iii) Since any open nelghborhood of a point in AN \ Ap IN must
ontain (infinitely many) points of >\ N , then because of (ii) AN is

ot locally connected.

We next consider an example to illustrate a very special part of

heorem 3.3.

EXAMPIE 7. Let I = {(x,y)éR x R| x=0, -1 <y < 1} , let
= IU{(x,y)e R x/RIy=sin 1 » 0 < x _<_?1T- }, and let p be the usual metric
f [Rx IR restricted to X. W:: illustrate a special consequence of Theorem
in §3 by showing the following: for each p<«I and U a neighborhood in AX,
here exists &€ > 0 such that if q & Ué(p) = {xe&X|p(x,p) < €}, then q and
cannot be separated in U.

Proof. Since U is a neighborhood of p in AX, it must contain a finite
ntersection of pluses of open set containing p. Take € so small that Ué(p)
ies in the intersection of these open sets. It follows that Ué(p)+C U.
et qué(p) and for each x¢X, let 747}( = {8|s is a closed subset of X
ontaining at least 2 points of {p,q,x}}. It is easy to show that {'mx!x €X}
s homeomorphic to X and hence is connected. Moreover, {p,q}é& mx for each
€X and so /mxé’ {p,q}+C U, (p)+C U. Since mp = p and ﬁ/q = q, the assertion

s proved.
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EXAMPLE 4.8. Let X be a linearly ordered set with ordering < and
let . be the ussual closed subbase for the interval topology of X ; i.e.
S = {{xeX|x < a}|aeX}U{{xeX|a < x}|aeX} . Then A,X is (homeomorphic
to) the completion of X by cuts, where the completion is equipped with its
interval topology. It follows, in this case, that >‘4’X = B,X. Moreover, if
X is the rational numbers, then X is not connected but A X = Ru{im} is
connected.

Proof. c.f. [4] for the details.

EXAMPLE 4.9. Let X = NU/{a,b,c} be the T,~space consisting of a
sequence (/N) converging to three different points ({a,b,c}). Then X is
compact (compare example 1 in §1) but B:S’X # X, where 4 is the set of all
closed subsets of X. It can be verified that BoX = XU{{s€d||sN{a,b,c}|>2}}.

This space is also one of the few compact, non—-supercompact spaces
we know. Whether there exists compact non-supercompact Te-spaces is un-

known. C.f. Introduction, [1] and [5] .

EXAMPLE 4.10. There exists a space X with a connected subset A and
subsets A1,A2 of X such that AN A':ﬂA; is not connected in AX.

Proof. Let X = [0,7]U{2,3} with the relative topology from K.
Let A = [0,1], A1 {0,2,3}, and A2 = {1,2,3}. It is easy to show that
A'™N A-:ﬂA; = {7771,7772}, where 7771 is the unique m.l.s. generated by
{{o,1}, {0,2}, {1,2}} anda 7772 is the unique m.l.s. generated by
{{0,1}, {0,3}, {1,3}}. Since XX is Hausdorff, 7771 and 77/2 are separated

in AN A:nA

+
o

Let /f be a T1-subbase for a space X. In [1], de Groot defined the
following operation * on subsets of X: if ACX, define A = Me >\{X|VS€777,
SNA # ¢}.

It is not difficult to prove that »* satisfies the following properties:

. +

(i) Ir AcS , then A" = A" = {Mer x[ae ).
(ii) For every ACX, I

(iii) If A,BCX with ACB = X, then ATUB™ = x.
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. 4+
(iv) If A,BCX with ANB = @, then A NB = @.

»* +
(v) For every ACX, )\,SX\A = (X\A) .
EXAMPLE L.11. The operations + and * are different.

Proof. In example 3, let A = (£ 1-—11: |k e N} U{0,1}. Then

k H]
A = . N = aUPm,=)ne(0,1]}  snd
A
A= AU\ X).

We conclude this section with a list of unsolved problems.

1. Let,4{ be a T1-subbase for a space X. Are the following true?

(i) For every closed subset A of X, A+ is closed in égx.
(ii) For every closed subset A of X, AT is closed in §4X.
+ . .
(iii) For every open subset A of X, A 1is open in A X.
<5

>
(iv) For every open subset A of X, A 1is open in AJX.

Note that by the properties of * and +, (i) and (iv) are equivalent
1d (ii) and (iii) are equivalent.
2. If 4 is T,

»t the case that .<f must be nicely screening.

-subbase for X such that AJX is Hausdorff, then it is

3. If X is a compact, connected metric space, then AX is homeomorphic
> the Hilbert cube. In particular, if I is the unit interval, then AI is

1e Hilbert cube.

. + +
L, If ACX, it appears that the formula (chA)ci ClAXA plays a role
1 trying to generalize the theorem on connectedness and locally connected-
:ss. What conditions must be imposed on 4 in order to make the formula

1 A X%
1114 for dx

5. Example 2 shows that the normality condition on 4 in the extension
1eorem cannot be weakened to nicely screening and hence not to weak normality.

in it be weakened in another way?
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